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Abstract
The automorphisms of the Cayley-digraph  are considered, where  is de0ned according
to some abelian group G. Using Fourier transformation de0ned over G, we derive an equation
relating automorphisms of  and characters of G. Then our result is used to estimate the number
of simple eigenvalues that  can have, when it admits a non-regular automorphism group.
As another application of our method, a short proof is also shown for a classical theorem of
W. Burnside on transitive permutation groups of prime degree.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Automorphisms of Cayley-digraphs and the Fourier transformation
Suppose that G is a 0nite additive abelian group, and 0x some subset B⊂G, such
that for the identity element 0 of G, 0 =∈B. Then the Cayley-digraph of G with respect
to B is de0ned as the digraph (G; B), which has vertex set G and for any pair x; y∈G
there is an edge from x to y, denoted by x→y, if and only if x− y∈B. For the case
where B= −B, (G; B) can also be considered as an undirected graph. The left-regular
permutation representation of G induces a regular automorphism group of (G; B), and
we call the elements of this group trivial. By A(G; B) we denote the full automorphism
group of (G; B). The terminology of trivial automorphisms was introduced by Elspas
and Turner [5] in the particular case when G is the cyclic group of order n. In this
text this group will be denoted by Cn.
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Note that for a bijection F :G→G, F ∈A(G; B) if and only if it satis0es the
equation
for each x∈G :F(B+ x)=B+ F(x): (1)
Using this equation and the Fourier transformation de0ned over G, we are going to
derive an equation relating the automorphisms of (G; B) and the characters of G. In
the following paragraph the de0nition and some elementary properties of the Fourier
transformation are collected.
Let V denote the space of functions f :G→C, where C denotes the 0eld of complex
numbers. It is well known that the characters, that is the homomorphisms from G into
C, form an orthogonal basis of V with respect to the inner product 〈f; g〉= ∑x∈G f(x)
g(x). For an introduction to the characters we refer to [1, Section 15]. Under the
pointwise multiplication they also form a group, which is isomorphic to G. This group
is called the dual group of G, and denoted by Gˆ. Then for f∈V , f can be expressed
uniquely as a linear combination of the elements of Gˆ, and we write this in the form
f=
1
|G|
∑
∈Gˆ
fˆ(): (2)
For the 0nite set X , |X | denotes the number of elements in X . Using the orthogonality
relation of the characters one can obtain the coeKcient fˆ() as
fˆ()= 〈f; 〉=
∑
x∈G
f(x)(x)=
∑
x∈G
f(x)(−x):
The Fourier transform of f is then de0ned to be the function fˆ from Gˆ into C,
such that for ∈Gˆ, fˆ :  → fˆ(). The values fˆ(), ∈ Gˆ, are also called the Fourier
coeKcients of f.
For f; g∈V , the convolution of f and g is de0ned to be the function f ∗ g∈V as
(f ∗ g)(x)= ∑y∈G f(y)g(x − y), x∈G. We use the well-known property
(f ∗ g[ )= fˆgˆ; (3)
that holds for any f; g∈V . For a subset B⊂G, the characteristic function of B is
denoted by 1B.
Let us 0x some B⊂G\{0}. By the adjacency matrix of (G; B) we mean a |G| times
|G| (0; 1)-matrix M , whose rows and columns are indexed by the elements of G, such
that M (x; y)= 1 if and only if x→y in (G; B). Consider f∈V as a column vector,
whose coordinates are indexed with the elements of G choosing them in the same order
as in the case of M . Then, the product of M and f is equal to the convolution f ∗ 1B.
For any ∈ Gˆ we have
( ∗ 1B)(x)=
∑
y∈G
(y)1B(x − y)=
∑
x−y∈B
(y)=
∑
z∈B
(x − z)= (x)1ˆB();
which means that  is an eigenvector of (G; B) (i.e. of M) with eigenvalue 1ˆB().
This shows that the characters of G form an eigenvector basis of V , and the spectrum
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of (G; B) is given by the set {1ˆB() | ∈ Gˆ}. In the case of arbitrary 0nite groups we
refer to [2], where the eigenvalues of Cayley-digraphs were determined in terms of the
irreducible characters of the given group.
We are now in a position to state the main lemma of the paper:
Lemma 1. Suppose that G is a 3nite, abelian group, and B is some subset of G\{0}.
For ∈ Gˆ, let () denote the eigenvalue of (G; B), which belongs to the eigenvector
, and let F be an automorphism of (G; B). Then the equality
([ ◦ F)(′)((′)− ())= 0 (4)
holds for any two characters ; ′ ∈ Gˆ, where ( ◦ F)∈V is the composition of F
and .
Proof. We need to consider the spectrum of (G;−B). The eigenvalue of (G;−B)
belonging to the eigenvector  is equal to 1ˆ−B(), and we have
1ˆ−B()=
∑
x∈−B
(−x)=
∑
x∈B
(x)= (): (5)
Let us 0x some ∈ Gˆ. We will consider the Fourier transform of the function
f=  ◦ F ∈V , that is f(x)= (F(x)), x∈G. Then, by (1)
(f ∗ 1−B)(x) =
∑
y∈G
f(y)1−B(x − y)=
∑
y∈B+x
f(y)=
∑
y∈B+x
(F(y))
=
∑
y∈F(B+x)
(y)=
∑
y∈B+F(x)
(y)=
∑
y∈B
(y + F(x))=f(x)1ˆ−B()
holds for any x∈G. Taking the Fourier transform of the two sides above and using
(3), it follows that
fˆ(′)1ˆ−B(′)= fˆ(′)1ˆ−B()
holds for any ′ ∈ Gˆ. The equality in (4) then follows from this by (5).
2. The number of simple eigenvalues
In [5] the authors found the following relation between the automorphisms and the
eigenvalues of (Cn; B):
Theorem 2 (Elspas and Turner [5]). (i) Suppose that all eigenvalues of the digraph
(Cn; B) are simple. Then A(Cn; B) is precisely Cn, that is (Cn; B) cannot have a
non-trivial automorphism.
(ii) For n=p prime the converse is also true, that is if A(Cp; B)=Cp, then all
eigenvalues of (Cp; B) are simple.
192 I. Kovacs /Discrete Mathematics 267 (2003) 189–196
A generalization follows for (G; B), G arbitrary 0nite group, by a result of Chow
[3], which asserts that if all eigenvalues of a multidigraph are simple, then its auto-
morphism group is abelian. Then for any abelian group G, Theorem 2(i) follows by
the fact that a transitive and abelian permutation group is necessarily regular.
The following question arises naturally. If A(G; B) is not regular or, equivalently, if
(G; B) contains non-trivial automorphisms, how many simple eigenvalues can (G; B)
have at most? For a 0xed G, we de0ne N (G) to be the maximal number n, such
that a digraph (G; B) exists having n simple eigenvalues, and A(G; B) ∼=G. By the
previous argument N (G)6|G|− 2 follows immediately. Applying Lemma 1 we derive
the following bound on N (G), when G is abelian:
Theorem 3. Suppose that G is an abelian group of order n. Then N (G)6n′, where
n′ is the largest proper divisor of n.
Before the proof of the above theorem we need a simple lemma. Let us de0ne the
multiset T(G) of subgroups of G as T(G)= {Ker  | ∈ Gˆ}.
Lemma 4. Suppose that G is an abelian group of order n, and let n′ be the largest
proper divisor of n. Then the maximal number of elements of T(G) having a non-
trivial intersection is equal to n′.
Proof. Let T be a maximal submultiset of T(G), such that its elements have a non-
trivial intersection. In fact, we show that then the characters, which correspond to the
elements of T , form a subgroup of Gˆ of order n′. This follows from the fact that
the map  from the set of subgroups of G into the set of subgroups of Gˆ de0ned
as (H)= {∈ Gˆ |H ⊂Ker }, where H is a subgroup of G, is an antiisomorphism
between the subgroup lattices of G and Gˆ. Thus, the set of characters corresponding
to the elements of T must be equal to (H0) for some minimal, non-trivial subgroup
H0 of G.
Proof of Theorem 3. Suppose that G is a 0nite abelian group, and 0x the digraph
(G; B), such that A(G; B) ∼=G. We denote by () the eigenvalue of (G; B), which
belongs to the eigenvector . We use an indirect argument by assuming that (G; B)
has more than n′ simple eigenvalues. Choose a non-trivial automorphism F ∈A(G; B).
By multiplication with a suitable trivial automorphism if necessary, we may assume
that F(0)= 0. Then a contradiction will be obtained by deriving that F = I , I the
identity element of A(G; B).
Suppose that () is a simple eigenvalue, and de0ne the function f=  ◦ F ∈V .
Because of Lemma 1 fˆ(′)= 0 for each ′ = . This implies by (2) that f= c ·  for
some c∈C, that is (F(x))= c · (x) holds for each x∈G. By the assumption that
F(0)= 0, this particularly implies that c=1, so (F(x)− x)= 1 holds for all x∈G or
equivalently, F(x)− x∈Ker  for all x∈G.
By the indirect assumption this happens for more than n′ characters . Thus by
Lemma 4, F(x)− x=0 for all x∈G, that is F = I . This completes the proof.
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Remark. In the case of G=Cp, p a prime, Theorem 2 implies that the digraph
(Cp; B) has a non-trivial automorphism if and only if it has a repeated eigenvalue.
In fact, by the techniques used in [5] it can also be shown that then all eigenvalues,
except for the one belonging to the trivial character, are repeated. This is consistent
with Theorem 3, and it can be expressed as N (Cp)= 1.
In the following paragraph, we are going to show that the bound on N (G) given in
Theorem 3 also holds with equality for G=Cp × Cp, p an odd prime.
Let Cp × Cp be considered as the vector space Fp × Fp=F2p , where Fp denotes the
0nite 0eld with p elements. Then for each v˜∈F2p there is a character v˜ : x˜ →!v˜·x˜,
where !=e2i=p, and v˜ · x˜ is the standard inner product of v˜ and x˜ in the space
F2p . Now, for u˜=(1; 0)∈F2p , let us specify B to be the set {x˜ | u˜ · x˜=1}. Then the
spectrum of (Cp × Cp; B) can be easily calculated. For a∈Fp, (au˜)=p!a, and
the other eigenvalues are equal to 0. The map (x1; x2) → (x1;−x2) gives a non-trivial
automorphism of (Cp × Cp; B). Therefore, the digraph (Cp × Cp; B) has p simple
eigenvalues, and it also admits a non-regular automorphism group. This and Theorem 3
yield the equality N (Cp × Cp)=p.
3. An application: Burnside’s theorem
We consider the case, when G=Cp, p a prime. For any B⊂Cp, the group A(Cp; B)
is a transitive permutation group of degree p. This is doubly transitive only if the given
digraph is complete. Let us recall the following classical theorem of W. Burnside about
transitive permutation groups of prime degree p, see for instance [8, p. 53]:
Theorem 5 (Burnside). Let G be a transitive group of prime degree p. Then G is
doubly transitive or isomorphic to a group of a9ne transformations
x → ax + b
over the 3eld Fp.
This theorem implies that A(Cp; B) is isomorphic to a group of aKne transformation
over Fp, if (Cp; B) is not complete.
In this section, we consider the converse direction. Without any reference to Burn-
side’s Theorem we are going to describe the groups A(Cp; B) by combining Lemma 1
with an argument involving 0nite geometries. Then using this we are going to derive
a short proof of Theorem 5.
In the next lemma permutation groups are connected to automorphism groups of
Cayley-digraphs:
Lemma 6. Suppose that G acts transitively on the set X , such that it has a regular
abelian subgroup H . Fix some x∈X , and denote by Gx the stabilizer of x. Then there
exists a subset B⊂H , such that:
(i) Gx is isomorphic to an automorphism group A of the digraph (H; B).
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(ii) G is doubly transitive if and only if (H; B) is complete.
Proof. (i) We follow the argument given in [7]. Fix an arbitrary element x of X , and let
O = {x} be an orbit of the stabilizer Gx of x. Then de0ne the set B= {h∈H | h(x)∈O}.
In what follows, we de0ne a mapping $ from G into Sym(H), the group of all per-
mutations of H .
Fix some g∈Gx. Since H is regular, for each h∈H there is a unique h′ ∈H , such
that h′(x)= (gh)(x). It can be easily checked that by de0ning g∗(h)= h′ we get a
permutation g∗ of H . Then de0ne $ as g → g∗. The de0nition implies that for g1; g2 ∈Gx
and h∈H
(g∗1g
∗
2 (h))(x)= g
∗
1 (g
∗
2 (h))(x)= (g1g
∗
2 (h))(x)= g1(g
∗
2 (h)(x))= g1(g2h(x));
which is equal to ((g1g2)h)(x)= (g1g2)∗(h)(x). Using the de0nition again this gives
(g∗1g
∗
2)(h)= (g1g2)
∗(h) for all h, that is $ is in fact a homomorphism from G into
Sym(H). Furthermore, g∗1 = g
∗
2 means that (g1h)(x)= (g2h)(x) for all h∈H , which
gives that g−11 g2 0xes all h(x), hence g1 = g2, and we get that $ is an epimorphism.
It remains to show that each g∗, g∈Gx, acts also as an automorphism of (H; B).
There is a natural bijection % from the set X of orbits of G on X × X onto the set of
orbits of Gx on X , which is given by
O → {y | (x; y)∈O}; O∈X:
Then, for h1; h2 ∈H , h1h−12 ∈B is equivalent to (h1h−12 )(x)∈O, hence equivalent to
(x; (h1h−12 )(x))∈ %−1(O). Since H is abelian, this implies (h2(x); h1(x))∈ %−1(O) which
is equivalent to ((gh2)(x); (gh1)(x)), g∈Gx.
By the same argument, ((gh2)(x); (gh1)(x))= (g∗(h2)(x); g∗(h1)(x))∈ %−1(O) is
equivalent to g∗(h1)g∗(h2)−1 ∈B. Thus, g∗ is an automorphism of (H; B) as required.
(ii) G is doubly transitive if and only if the orbit O consists of all elements of
X \{x}. This is equivalent to B=H\{1}, 1 the identity element of H , that is (H; B)
is complete.
Next, we investigate the spectrum of the digraph (Cp; B). Consider Cp as the addi-
tive group of the 0eld Fp. Then, the group Cˆp is the set of all mappings a : b →!ba,
a∈Fp, !=e2i=p. The maps x → x+b, b∈Fp, form the group of trivial automorphisms
of (Cp; B). We refer to this group as the group of translations of Fp.
Lemma 7. Suppose that (Cp; B); B = ∅; is an arbitrary Cayley-digraph of Cp. Then
the multiplicity of any eigenvalue of (Cp; B) divides p− 1.
Proof. Denote by F∗p the multiplicative group of Fp. Then the spectrum & of (Cp; B)
is equal to the set {(a)=
∑
b∈B !
−ab=
∑
b∈B(−a) !
b | a∈Fp}, where for c∈F∗p , Bc
is the set containing the elements xc, x∈B. If c=0, then Bc is the multiset containing
0 with multiplicity |B|. For each a∈Fp, let the (multi)set B(−a) be associated to the
eigenvalue (a). Then it follows that (a)= (a′) if and only if B(−a)=B(−a′).
To see this, consider the polynomials fa(x)=
∑
b∈B(−a) x
b and fa′(x)=
∑
b∈B(−a′) x
b.
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Then (a)= (a′) if and only if (fa − fa′)(!)= 0, which exactly means that the
minimal polynomial m(x) of ! over the 0eld Q divides fa−fa′ . Since m(x)= xp−1 +
· · ·+ x + 1, this is so if and only if fa=fa′ , that is B(−a)=B(−a′).
Clearly F∗p acts on the set of (multi)sets Bc, c∈Fp, by right multiplication; corre-
spondingly, we get an action of F∗p on the spectrum &. Furthermore, the multiplicity
of any (a) is equal to the size of the stabilizer of (a) under this action, hence it
is a divisor of p− 1.
By AG(2; p), we denote the aKne plane over Fp. We use the symbol (m), m∈Fp, to
denote the direction determined by the line y=mx. The direction of the vertical lines
is denoted by (∞). For an arbitrary point set X⊂AG(2; p), we say that the direction
(a) is determined by X, if there are points P;Q∈X, such that the line PQ has the
direction (a). The following theorem will be essential in the proof of Theorem 5:
Theorem 8 (R)edei, Megyesi [9]). Suppose that X is a set of p points in AG(2; p),
which is not a line. Then X determines at least (p+ 3)=2 directions.
An elementary proof for the above theorem can be found in [6], where sets deter-
mining the minimal number of directions were also described for the 0rst time.
Proof of Theorem 5. Let G be a transitive subgroup of the symmetric group Sp on a
set X of cardinality p. Since p divides |G| and p2 does not divide |Sp| we deduce
that G contains a Sylow p-subgroup P of order p, which clearly must act sharply
transitively on the point set. We identify the set X with P, and then P itself with the
additive group of Fp, so then P acts on the points as the group of translations of Fp.
Then let G0 be the stabilizer group of 0∈Fp. By Lemma 6(i) there is a graph (Cp; B)
with an automorphism group isomorphic to G0. We are going to obtain Theorem 5 as
the consequence of the following assertion:
G is doubly transitive or G0 is isomorphic to a group of transformations x → ax,
a =0.
Each element of G0 induces an automorphism of (Cp; B), which leaves 0 invariant.
Fix such an automorphism F . We consider the function f= 1 ◦ F from Fp into C. It
follows from Lemma 1 that
fˆ(b)((b)− (1))= 0 (6)
holds for any b∈Fp, where (b) is the eigenvalue of (Cp; B), which corresponds to
the eigenvector b. Now, we count the number of elements b∈Fp, such that fˆ(b)= 0.
By de0nition fˆ(b)=
∑
a∈Fp !
F(a)−ab, and this is equal to 0 if and only if F(a)− ab
takes each value of Fp once, while a runs over Fp.
Consider the graph of F as the set F of p points in the plane AG(2; p). F is
formed by the points P(a; F(a)), a∈Fp, and it follows that fˆ(b) =0 if and only if
F determines the direction (b).
Let us assume 0rst that F is not a line. Then by Theorem 8 F determines at least
(p + 3)=2 directions (b)∈Fp\{0;∞}. Hence fˆ(b) =0 for at least (p + 3)=2 values
b∈Fp\{0}, and (6) shows that the multiplicity of (1) is at least (p + 3)=2 in this
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case. Because of Lemma 7 this multiplicity is equal to p− 1, from which B=Fp\{0}
follows. This implies by Lemma 6(ii) that G is doubly transitive.
If F is a line, then we obtained that F is indeed of the form F : x → ax for some
a∈Fp\{0}; and by this the proof is complete.
Remark. The connection between Theorems 5 and 8 was observed by Dress et al. [4]
and by Ott [7]. In both papers, the proof of Burnside’s Theorem has two cornerstones,
such as Theorem 8 and the use of the theory of Schur-rings. In [4], a selfcontained
treatment can be found, where the authors discuss Schur-rings only over Cp in an
elementary way.
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